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Course Goals and general issues/aspects 

covered in transportation

(Course Goals: Learning Objectives and Learning Outcomes )
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❑ Understanding what is a deterministic system

❑ Understanding what is a stochastic system

❑ Understanding the importance of statistics in the 

handling of randomness

❑ Understanding the analytical forms of the 

probability density functions and mastering of their 

application to model random scenarios with 

different complexities

❑ Learning how to construct a probability distribution 

for a random variable

❑ Learn how to calculate the average, the mode, the 

mean, the variance, and expected value for a 

discrete random variable.

Course Goals and general issues/aspects covered → (1)
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❑ Learn how to plot the probability- and the cumulative-

distribution functions of stochastic variables/scenarios

❑ Learn how to identify the properties of the normal 

distribution. 

❑ Learn how to find probabilities for a normally 

distributed variable by transforming it into a standard 

normal variable.

❑ Learn how to find specific data values for given 

percentages, using the standard normal distribution: 

The Resident- and Traveling- Times Calculation.

❑ Learn how to apply the “Central Limit Theorem” to solve 

problems involving “sample means” for large samples

❑ Understanding the concept of „QUEUING“

Course Goals and general issues/aspects covered → (2)
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❑ Understanding the interest of „QUEUING“

in the processing of stochastic scenarios.

❑ Learn how to use a software/toolbox for

the analysis of a „Queuing Process“. 

❑ Learn how to find probabilities for a normally distributed 

variable by transforming it into a standard normal 

variable.

❑ Learn how to find specific data values for given 

percentages, using the standard normal distribution: The 

Resident- and Traveling- Times Calculation.

❑ Mastering techniques of “Approximation and fitting”: 

Norm approximation; Least-norm problems; Regularized 

approximation; Robust approximation; Function fitting 

and interpolation.

Course Goals and general issues/aspects covered → (3)
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❑ Learning selected advanced techniques for “Statistical 

estimation”: Parametric distribution estimation; 

Nonparametric distribution estimation; Optimal detector 

design and hypothesis testing; Chebyshev and Chernoff 

bounds ; Experiment design.

❑ Understanding “Geometric problems” and mastering how to 

apply them for data classification. The following concepts and 

techniques must be well-understood:  Projection on a set; 

Distance between; sets ; Euclidean distance and angle 

problems ; Extremal volume ellipsoids; Centering; 

Classification; Placement and location; Floor planning.

❑ Learn how to apply the Advanced techniques to the tackling 

(solving) of concrete (or Real-Life) problems selected in the 

field of Railway transportation, Road transportation, Supply 

chain Networks and Logistics. Application examples are given. 

Course Goals and general issues/aspects covered → (4)
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Basic Instruments/Concepts used            

in the Course/Lecture
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TRAFFIC IS FULL 
OF 

RANDOMNESS

Numerical
method: 
MATLAB                

Algorithms

Numerical
method: 
MATLAB                 

Toolboxes

Machine
learning

Analytical 
methods:  
PDF & CDF
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Important scientific fronts covered by 

the Course/Lecture
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Scientific fronts addressed in the Course
1. Analysis of randomness in the behavior/motion

of vehicles: „Optimal path planning“
2. Analysis of randomness in the complex

dynamical behavior of traffic flow

1. Stochastic modeling of track irregularities 

2. Stochastic analysis of the dynamic interaction  
between train and railway turnout

1. Modelling and simulation of queuing systems
[Kendall 1951]. 

2. Application of the analytical distributions
functions to the analysis of traffic scenarios

1. Modelling of supply chain networks driven by      
stochastic fluctuations (in policies, demands,   
manufacturing, deliveries, etc.)

2. Analysis of randomness in data & classification

Scientific 

fronts 

addressed

All 

simulation

algorithms

and 

toolboxes

used are

based on

„MATLAB“
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Important aspects to be covered in this 

Course/Lecture by each Lecturer
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Important aspects to be investigated in each chapter
❑ Chapter 1. General introduction 

✓ Importance of statistics and data analysis in road and railway transportation as well 
as in supply chain networks and Logistics.  

✓ Definition of the important keywords and concepts in statistics: Statistics; 
Advanced statistics; Data; Data analysis; Deterministic system/scenario; Stochastic 
system/scenario; Distribution functions; Mean/Average; Variance; Moments of a 
distribution, Moments of order “k”,  Standard deviation; Likelihood; Maximum 
Likelihood; Confidence interval; Time series, Data forecasting; etc. : Illustration 
through concrete examples selected in the field of transportation.

✓ Analytical techniques of modelling. Commonly used methods, concepts for data 
analysis: Mathematical expressions of distribution functions (exponential, shifted 
exponential, Markov,  Gaussian, Poisson, etc.); Concepts: Bayesian estimation, 
Kalman filters, Polynomial Kalman filters, Polynomial chaos, etc.); 

✓ Time series forecasting. Classical estimation techniques: Moving average (MA), 
Weighted moving average, Exponential smoothing, Autoregressive (AR), 
Autoregressive moving average (ARMA), Extrapolation, Linear prediction, Trend 
estimation (i.e., prediction of the variable as a linear or polynomial function of time).
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Important aspects to be investigated in each chapter
❑ Chapter 2. Statistical analysis of stochastic phenomena  

✓ Introduction. Definition of deterministic and stochastic systems; Deterministic 
versus Stochastic formalism; Importance and essence of the estimation process; 

✓ Fundamental parameters of stochastic processes/scenarios: Mean/Average; 
Median; Mode; Variance; Standard deviation; Covariance; Percentile; Quantile; 
Quartile; Confidence level; Likelihood; Maximum Likelihood; Confidence interval.

✓ Definition of the confidence interval (CI)
✓ Elements/Factors affecting the CI range
✓ Confidence limit for population mean
✓ Interval and level of confidence
✓ Confidence interval estimates
✓ Z-score Vs. Measurement scale
✓ Determination/Derivation of the CI 
✓ Importance of the CI in Engineering 
✓ Case studies. C1: The Lecturer must choose 5 examples/exercises in Railway traffic; 

C2: Choose 5 examples/exercises in Road transportation; C3: Choose 5 examples/ 
exercises in Supply Chain Networks and Logistics. Solve all examples with students.

Remark. Full details of

this chapter is presented

(see below) in the frame 

of the Didactic Lecture.
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❑ Chapter 3. Basics of traffic theory: Fundamentals of queuing and simulation of
queuing processes in stochastic scenarios/events selected in transportaion
✓ Overview of traffic processes/phenomena. Traffic; Main traffic problems; Traffic 

theory; The aim of traffic theory; Stochastic process; Random variable; Examples    
of random variables; Poisson process; Poisson distribution; Mathematical 
probability distribution functions; Main limitations of the stochastic theory; 
Methods used in traffic theory; Limits of the traffic theory methods; 

✓ Probability distributions. Exponential distribution (Markov process); Shifted 
exponential distribution; Poisson distribution; Relation between Poisson and 
exponential distribution; Erlang distribution.

✓ Motivation and overview of queuing. Queuing system; Queuing theory; Selected 
applications of queuing in transportation; Fundamentals of queuing Systems. 

✓ General queuing notation. Five components of a queuing system (The Kendall 
notation 1951); Selected queuing models: M/M/1; M/M/2; M/M/n; D/D/1; D/D/2; 
D/D/n; M/D/1; M/D/2; M/D/n; D/M/1; D/M/2; D/M/n; G/G/1; G/G/2; G/G/n.

✓ State analysis of queue models/systems. Poisson’s law (in: Physics, Operational 
research, communications; Transportation); Single-server queuing system; State  
and related probability; Geometric evolution; Application: Case of M/M/1 queue. 

Important aspects to be investigated in each chapter
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❑ Chapter 4. Approximation and fitting
✓ Norm approximation 

• Introducing the basic norm approximation, the penalty function                
approximation and the approximation with constraints. 

✓ Least-norm problems 
• Presentation of the Least-norm problems; Examples for illustration.

✓ Regularized approximation 
• Description of the concepts of Bi-criterion formulation, Regularization, 

Reconstruction, smoothing, and de-noising. 
✓ Robust approximation 

• Analysis of Stochastic robust approximation, and Worst-case robust
approximation. 

✓ Function fitting and interpolation 
• Description of selected important concepts: Function families; Constraints; 

Fitting and interpolation problems; Sparse descriptions and basis pursuit; 
Interpolation with convex functions. 

✓ Application exercises: Several exercises are proposed and are methodically solved.

Important aspects to be investigated in each chapter
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❑ Chapter 5. Statistical estimation
✓ Parametric distribution estimation 

• Presentation of the “Maximum likelihood estimation” and “Maximum a 
posteriori probability estimation”. 

✓ Nonparametric distribution estimation 
• Presentation of the Nonparametric distribution estimation 

✓ Optimal detector design and hypothesis testing 
• Presentation of deterministic and randomized detectors; Detection 

probability matrix; Optimal detector design; Multicriteria formulation   
and scalarization; Binary hypothesis testing; Robust detectors. 

✓ Chebyshev and Chernoff bounds 
• Description of the concepts of Chebyshev bounds, and Chernoff bounds;

presentation of some concrete application examples for illustration. 
✓ Experiment design

• Application exercises 
✓ Selected exercises with solutions are proposed in this section for illustration.

Important aspects to be investigated in each chapter
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❑ Chapter 6. Geometric problems
✓ Projection on a set 

• Analysis of the projection of a point on a convex set; separating a point and a 
convex set; Projection and separation via indicator and support functions. 

✓ Distance between sets 
• Analysis of distance between sets: Computing the distance between convex sets; 

Separating convex sets; Distance & separation via indicator & support functions.
✓ Euclidean distance and angle problems 

• Study of selected concepts and problems: Gram matrix and realizability;
Problems involving angles only; Euclidean distance problems. 

✓ Extremal volume ellipsoids
• Study of three important concepts: The Löwner-John ellipsoid; Maximum  

volume inscribed ellipsoid; Affine invariance of extremal volume ellipsoids.
✓ Centering

• Analysis of selected concepts for centering: Chebyshev center; Maximum  
volume ellipsoid center; Analytic center of a set of inequalities.

✓ Classification 
• Study of linear and nonlinear classification techniques. 

Important aspects to be investigated in each chapter



Intelligent Transport Systems: New ICT – based Master’s Curricula in Uzbekistan (INTRAS)
Agreement number: 2017-3516/001-001

Project reference number: 586292-EPP-1-2017-1-PL-EPPKA2-CBHE-JP

✓ Placement and location 
• Study of linear and nonlinear location problems without constraints. Extension 

to the study of location problems with path constraints. 
✓ Floor planning 

• Study of selected case studies: Relative positioning constraints; Floor planning
via convex optimization; Floor planning via geometric programming.

❑ Chapter 7. Selected concrete scenarios as application examples in transportation
✓ Supply Chain Networks - Selected concrete scenarios are:  

• Dynamic supply chains with stochastic policies
• Dynamic supply chains with stochastic demands 
• Modelling of a supply chain network driven by stochastic fluctuations 

✓ Railway transportation - Selected concrete scenarios are: 
• Stochastic analysis of dynamic interaction between train and railway turnout
• Simulation of train track interaction with stochastic track properties
• Stochastic modeling of track irregularities using experimental measurements 

✓ Road transportation - Selected concrete scenarios are: 
• (1) Stochastic modeling and simulation to vehicle system dynamics; Stochastic 

modeling and simulation of traffic flow; (3) Chaotic behavior of traffic flow. 

Important aspects to be investigated in each chapter
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A didactic lecture on the topic:

“Statistical analysis of stochastic phenomena” 

(Analysis of selected examples for illustration)
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❑ Objectives

❑ Introduction
✓ What is a deterministic system?
✓ What is a stochastic system?
✓ “Deterministic formalism” versus “Stochastic formalism”
✓ Why is the estimation process important?
✓ What is the essence of an estimation process?

❑ Fundamental parameters of stochastic processes/scenarios
✓ Mean
✓ Median
✓ Mode
✓ Variance
✓ Standard deviation
✓ Covariance
✓ Percentile
✓ Quartile
✓ Confidence interval (CI) 

Contents
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❑ Definition of the confidence interval (CI)

❑ Elements/Factors affecting the CI range

❑ Confidence limit for population mean

❑ Interval and level of confidence

❑ Confidence interval estimates

❑ Z-score Vs. Measurement scale

❑ Determination/Derivation of the CI 

❑ Importance of the CI in Engineering 

❑ Case study 1. choice of 5 examples/exercises in Railway traffic;

❑ Case study 2. Choice of 5 examples/exercises in Road transportation; 

❑ Case study 3. Choice of 5 examples in Supply Chain Networks and Logistics.

❑ Recommendation. All three case studies must be solved by the Lecturer as 
illustration of how to analyze concrete stochastic problems in transportation.

Contents



Intelligent Transport Systems: New ICT – based Master’s Curricula in Uzbekistan (INTRAS)
Agreement number: 2017-3516/001-001

Project reference number: 586292-EPP-1-2017-1-PL-EPPKA2-CBHE-JP

❑ Understanding what is a deterministic system

❑ Understanding what is a stochastic system

❑ Learning how to test deterministic/stochastic systems in engineering 

❑ Understanding the importance of the probabilistic analysis

❑ Learning construction of the probability distribution for a random 
variable (using experimental data)

❑ Learning construction of the cumulative distribution for a random 
variable (using experimental data)

❑ Learning calculation of selected parameters of a distribution: Average/ 
Mean; Mode; Median; Variance; Standard deviation; Likelihood; 
Percentile; Quartile; Z-score value; Confidence interval (CI).

❑ Mastering plotting of the probability density functions and cumulative 
distribution functions describing stochastic variables/scenarios.

❑ Mastering the identification of the properties of a normal distribution.

1. Objectives
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❑ Learning derivation of probabilities for a normally distributed 
variable by transforming it into a standard normal variable.

❑ Learning calculation of specific data values for given 
percentages, using the standard normal distribution: The 
Resident- and Travel- Times Calculation.

❑ Learning application of the “Central Limit Theorem” to solve 
problems involving “sample means” for large samples.

❑ Understanding the analytical expressions of the “mean/average” 
and “standard deviation” expressed into continuous forms.

❑ Understanding what is the Likelihood and learning how to 
calculate the Likelihood analytically.

❑ Application: Consideration of concrete application examples in: 
(1) Railway traffic, (2) Road traffic, and (3) Supply chain networks 
to be solved as case- studies (for both illustration and validation 
of the theoretical concepts developed in this chapter).   

1. Objectives
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What is a deterministic system? 

❑ A system that produces the same 
output for a given starting condition (or 
input).

❑ A system in which the next state is 
uniquely determined by the current 
state.

❑ A system with a fully predictable 
state/Behavior (i.e. no randomness is 
observed in the behavior of the system). 
✓ Examples:

o Classical Mechanics: 
Pendulum, motors, etc. 
Electrical engineering:
Electrical- and Electronic 
circuits, etc.

2. “Deterministic formalism” versus “Stochastic formalism” 
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What is a stochastic system? 

❑ A system that produces different output 
for a given starting condition (or input) 
(Note: this is observed through 
repeated measurements). 

❑ A system in which the next state cannot 
be predicted/determined by the current 
state. 

❑ A system in which the next state 
(output) is only probabilistically 
determined by the current state (i.e. 
there are several possible next states 
that can occur subsequently to the 
same activity (input), each with a given 
probability. 

✓ Examples of stochastic phenomena:
o Phenomena/scenarios in 

transportation and
traffic Engineering.

o Phenomena in Quantum 
Mechanics, etc.. 

2. “Deterministic formalism” versus “Stochastic formalism” 
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2. “Deterministic formalism” versus “Stochastic formalism” 

Experimental checking/test of a “Deterministic system” or a “Stochastic system” 

“Deterministic system” “Stochastic system”
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Why is the  estimation process important ?

❑ The estimation process is important to 
analyze stochastic (or random) 
scenarios/events. 

❑ The result of the „estimation process“ 
provides a range around the „Mean“.

❑ This range generally reveals the 
domain in which the expected values 
can be located. This range, which is 
called „Confidence Interval“ (CI) is 
obtained at/for a specific level of 
confidence.  

“Stochastic system”

3. Importance and essence of the estimation process in data analysis

“Deterministic system”
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Why is the  estimation process important ?

3. Importance and essence of the estimation process in data analysis
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What are the fundamental/key parameters for a “Population Estimation”? 

❑ The fundamental parameters are 
key quantities in the analysis, 
prediction and control of stochastic 
processes/scenarios 

❑ Cases of Univariate/Multivariate 
processes 
✓ Mean
✓ Median
✓ Mode
✓ Variance /Covariance
✓ Standard deviation
✓ Quantile
✓ Confidence interval 

4. Fundamental parameters of a stochastic process and measurement
→ (1)
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Analytical expression of the fundamental/key parameters for a “Population Estimation”? 

❑ Mean:

❑ Mode/Top:

❑ Median

if n is odd

if n is even

❑ Variance:

4. Fundamental parameters of a stochastic process and measurement
→ (2)
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❑ Standard deviation

❑ Confidence interval

❑ Covariance

Analytical expression of the fundamental/key parameters for a “Population Estimation”? 

4. Fundamental parameters of a stochastic process and measurement
→ (3)
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Analytical expression of the fundamental/key parameters for a “Population Estimation”? 

❑ Cumulative density function (CDF)

❑ Moment of order 1 (Mean/Average) ❑ Moment of order “k”

❑ Probability density function (PDF)

4. Fundamental parameters of a stochastic process and measurement
→ (4)
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❑ Exercise

✓ The table below gives the travel time of vehicles between two junctions/ 
nodes (or the travel time of trains between two neighboring stations). 
o Calculate the Mean, the variance, the standard deviation, the median, 

the PDF, and the CDF, the mode of the distribution. 

Note: This table contains fictitious data

Mean=32.3333s
std= 13.3735s

4. Fundamental parameters of a stochastic process and measurement
→ (5)
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5. Estimation of the confidence interval (CI) 

❑ The estimation of the confidence interval -

✓ Provides range of values based on observations from 1 sample . This 
range is stated in terms of probability (because never 100% sure)

✓ Gives information about closeness to unknown population parameter 
✓ A probability that the population parameter falls somewhere within 

the interval. 

CI = [Lower Band   ,   Upper Band]
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6. Confidence limits for population mean and importance of the CI

❑ Confidence limits:

❑ Importance of the confidence interval (CI)
✓ The confidence interval provides the range/window in which the expectation 

is located. This range contains the acceptable values of the random variable. 
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7. Elements of the “confidence interval estimation” and    
importance of the Z-score value 

❑ The parameters needed to calculate the CI are:
✓ The mean
✓ The standard deviation
✓ The sample size
✓ The confidence level (Quantile) 
✓ The Z-score values
✓ The sampling error

❑ Importance of Z-score
✓ The value of Z-score significantly affects the 

length of the confidence interval 
✓ The Z-score value is obtained for a 

fixed/known value of the quantile. 
✓ Various tables of Z-score are available in the 

literature and each value of a quantile is used 
to obtain the corresponding Z-score value.

CI = [LB   ,   UB]
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8. Z-score tables: Description, reading techniques, and  
importance in data analysis

❑ Learning how to adapt the value of a quantile to a specific table of Z-score. 
❑ Learning how to read the various Z-score tables available in the literature
❑ Each area of the figures below corresponds to a specific table of Z-score
❑ For a given/known/fixed value of a quantile the corresponding value of Z-score is 

same/unique when reading through all tables defined by the figures below. It should 
be clearly explained how to read the Z-score value through different tables below.

Table 4 Table 5 Table 6

Table 1 Table 2 Table 3
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Application example. How to 
read a unique (same) value of Z-
score using two different tables?
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score using two different tables?
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score using two different tables?
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Application example. How to 
read a unique (same) value of Z-
score using two different tables?
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9. The central limit theorem (CLT)
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10. Normal distribution versus standard normal distribution (Z-score) 

Area Under the Normal 
Distribution Curve 

Area Under the Standard 
Normal Distribution Curve 
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11. Factors affecting the confidence interval (CI) range → (1)

❑ Level of confidence
✓ Probability that the unknown 

population parameter is in 
the confidence interval in 100 
trials.

✓ Denoted (1-α)% = level of 
confidence (e.g., 90%, 95%, 
99%, etc.). The quantity α is 
the probability that the 
unknown population 
parameter is not within the 
interval in any other 100 of 
trials performed. 



Intelligent Transport Systems: New ICT – based Master’s Curricula in Uzbekistan (INTRAS)
Agreement number: 2017-3516/001-001

Project reference number: 586292-EPP-1-2017-1-PL-EPPKA2-CBHE-JP

These Figures are with the 
same mean but different 
standard deviations

❑ Data variation

❑ Sample size

❑ Level of confidence

❑ Confidence interval

❑ Sampling error

11. Factors affecting the confidence interval (CI) range → (2)
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12. Confidence interval “estimates” under some assumptions 

❑ Assume the population
standard deviation is known

❑ Assume the population is
normally distributed. If not,
we must use a large sample data.

❑ Under these assumptions, the
CI is estimated as follows: 
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13. Z-score versus measurement scale 

❑ What is a Quantile ?
✓ A percentage expected for a given 

distribution. 
o Example of quantiles: 

- 100*P(Z)=10%;
- 100*P(Z)=50% (Median);
- 100*P(Z)=68%;
- 100*P(Z)=95%; 

❑ How to determine 𝒁α/𝟐?

✓ Step 1: Definition of the precision we 
want to achieve when analyzing data 
which average is denoted µ.

✓ Step 2: Represent P(Z) in the plan Z-score.
✓ Step 3: Use the value of P(Z) in the

well-known table of Z-score to determine 𝑍α/𝟐
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14. How to exploit confidence level- values in the table of z-score ?

Very important: 
Students must learn 
how to obtain all the 
values of  Z-score 
mentioned in this table. 
Please note that three 
different Tables of           
Z-score must be used 
by students and it 
should be verified that 
the same/identical 
results are obtained 
regardless the table of 
Z-score used.
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15. Application example 

❑ Consider the exercise above (see section 4) and 
determine the confidence interval on the travel 
time between the two junctions/nodes (or the 
travel time of trains between two neighboring 
stations) for each of the following levels of 
confidence: 

o 10%;
o 40%
o 50% (Median);
o 60%
o 68%;
o 80%
o 95%; 

❑ Please comment the results obtained.
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16. The normal distribution

❑ What is the normal distribution?
✓ The Gaussian distribution [Carl Friedrich Gauss (1777–1855)]  

defined as follows (where X is a continuous variable):
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17. MATLAB Script for the plot of the normal distribution

𝝈 = 𝟏

𝝈 = 𝟐

𝝈 = 𝟑

𝝈 = 𝟒

𝝈 = 𝟓

MATLAB Script for plotting f(x)
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18. The normal distribution: Localization of  Mode, Mean, Median 

❑ Normal Probability of the Gaussian 
distribution 
✓ The mean, median, and mode are equal 

and located at the center of the 
distribution.

✓ The curve is unimodal (i.e., it has only one
mode).

✓ The curve is symmetric about the mean, 
(its shape is the same on both sides of a 
vertical line passing through the center.

✓ The curve is continuous, (there are no 
gaps or holes). For each value of X, there 
is a corresponding value of Y.

✓ The total area under the normal 
distribution curve is equal to 1.00, or 
100%. 
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19. Likelihood: Difference between Likelihood and Probability. 

❑ What is Likelihood? and what is Probability? 

𝑳(𝒙𝟑)

𝑳(𝒙𝟏)

❑ Likelihood depends on the following parameters?
✓ The Mean
✓ The standard deviation 𝒙𝟐𝒙𝟏

Figure 1

Figure 4

𝒙𝟏 𝒙𝟐 𝒙𝟑

𝑳(𝒙𝟐)

𝝈 = 𝟏. 𝟓

𝝈 = 𝟏

𝝈 = 𝟐

𝝈 = 𝟏𝝈 = 𝟏

𝒙𝟏

Figure 2 Figure 3

Probability

Likelihood

𝒙𝟑 𝒙𝟒
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20. Likelihood of a single state: Extension to multiple states

𝑳(𝒙𝟑)

𝑳(𝒙𝟏)

Figure 1

𝒙𝟏 𝒙𝟐 𝒙𝟑

𝑳(𝒙𝟐)

𝝈 = 𝟏. 𝟓

𝝈 = 𝟏

𝝈 = 𝟐

𝝈 = 𝟏𝝈 = 𝟏

𝒙𝟏

Figure 2 Figure 3

Likelihood

❑ Likelihood for a single sample dataset: 

❑ Likelihood for two samples dataset:

𝑳 𝝁, 𝝈, 𝒙𝒊 =
𝟏

𝝈 𝟐𝝅
𝒆
− 𝒙𝒊−𝝁

𝟐

𝟐𝝈𝟐

𝑳 𝝁, 𝝈, 𝒙𝟏 , 𝒙𝟐 = 𝑳 𝒙𝟏 . 𝑳 𝒙𝟐

❑ Likelihood for multiple sample dataset: 𝑳 𝝁, 𝝈, 𝒙𝟏 , 𝒙𝟐 , … , 𝒙𝒏 =ෑ

𝒊=𝟏

𝒏

𝑳 𝒙𝒊
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21. Maximum Likelihood of a normal distribution → (1)

❑ Maximum Likelihood estimate for 𝝁: The partial derivative of 𝐿 𝑠𝑒𝑡 in the 𝜇 dimension   

𝑳 𝒙𝟏

𝑳 𝒔𝒆𝒕 =ෑ

𝒊=𝟏

𝒏

𝑳 𝒙𝒊 =
𝒆
− 𝒙𝟏−𝝁

𝟐

𝟐𝝈𝟐

𝝈 𝟐𝝅
∗
𝒆
− 𝒙𝟐−𝝁

𝟐

𝟐𝝈𝟐

𝝈 𝟐𝝅
∗,… ∗

𝒆
− 𝒙𝒏−𝝁

𝟐

𝟐𝝈𝟐

𝝈 𝟐𝝅
=
𝒆
− 𝒙𝟏−𝝁

𝟐− 𝒙𝟐−𝝁
𝟐,…,− 𝒙𝒏−𝝁

𝟐

𝟐𝝈𝟐

𝝈 𝟐𝝅
𝒏

𝑳 𝒙𝟏 𝑳 𝒙𝟏

𝝏𝑳 𝒔𝒆𝒕

𝝏𝝁
=

𝒙𝟏 + 𝒙𝟐 +⋯+ 𝒙𝒏 − 𝒏𝝁

𝝈𝟐
∗ 𝑳 𝒔𝒆𝒕 𝟏

❑ Maximum Likelihood estimate for 𝝁: Using (1) the maximum Likelihood corresponds to:

𝝁𝒐𝒑𝒕 =
𝒙𝟏 + 𝒙𝟐 +⋯+ 𝒙𝒏

𝒏
= 𝑴𝒆𝒂𝒏 𝟐

❑ Maximum Likelihood estimate for 𝝁: Eq. (2) shows that for a normal distribution (Gaussian 
distribution), the maximum Likelihood estimate for 𝝁 is the Mean of the measurements.
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21. Maximum Likelihood of a normal distribution → (2)

❑ Maximum Likelihood estimate for 𝝈: The partial derivative of 𝐿 𝑠𝑒𝑡 in the 𝜎 dimension   

𝑳 𝒙𝟏

𝑳 𝒔𝒆𝒕 =ෑ

𝒊=𝟏

𝒏

𝑳 𝒙𝒊 =
𝒆
− 𝒙𝟏−𝝁

𝟐

𝟐𝝈𝟐

𝝈 𝟐𝝅
∗
𝒆
− 𝒙𝟐−𝝁

𝟐

𝟐𝝈𝟐

𝝈 𝟐𝝅
∗,… ∗

𝒆
− 𝒙𝒏−𝝁

𝟐

𝟐𝝈𝟐

𝝈 𝟐𝝅
=
𝒆
− 𝒙𝟏−𝝁

𝟐− 𝒙𝟐−𝝁
𝟐,…,− 𝒙𝒏−𝝁

𝟐

𝟐𝝈𝟐

𝝈 𝟐𝝅
𝒏

𝑳 𝒙𝟏 𝑳 𝒙𝟏

𝝏𝑳 𝒔𝒆𝒕

𝝏𝝈
=

𝒙𝟏 − 𝝁 𝟐 + 𝒙𝟐 − 𝝁 𝟐, … , + 𝒙𝒏 − 𝝁 𝟐

𝝈𝟑
−
𝒏

𝝈
∗ 𝑳 𝒔𝒆𝒕 𝟑

❑ Maximum Likelihood estimate for 𝝈: Using (3) the maximum Likelihood corresponds to:

𝝈𝒐𝒑𝒕 =
σ𝒊=𝟏
𝒏 𝒙𝒊 − 𝝁 𝟐

𝒏
= 𝑺𝒕𝒅 = 𝑺𝒕𝒂𝒏𝒅𝒂𝒓𝒅 𝒅𝒆𝒗𝒊𝒂𝒕𝒊𝒐𝒏 𝟒

❑ Maximum Likelihood estimate for 𝝈: Eq. (4) shows that for a normal distribution (Gaussian 
distribution), the maximum Likelihood estimate for 𝝈 is the Std. of the measurements.
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Selected application examples to 

illustrate the theoretical results 

obtained in this chapter 
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22.  Examples in Railway Traffic→ (1)

❑ Example 1 (a concrete example): The train distance between Klagenfurt 
(Austria) and Vienna (Austria) is about 236km. Motor cars often break 
down on this route. It is assumed that this failure can occur uniformly 
over the entire route. When a train breaks down, a spare locomotive 
must be brought in. It is assumed that ÖBB has two spare locomotives for 
this line. Of course, the nearest locomotive always goes to the point of 
breakdown.

1. It is assumed that the locomotives are arranged respectively in the 
departure and arrival stations. What is the average distance traveled 
by the spare locomotive?

2. An ÖBB engineer thinks that: it would be smarter to place the 
locomotives respectively 1/3 and 2/3 of the way. What do you think?

3. Determine the optimal position of the two emergency locomotives 
to minimize the distance traveled by the spare locomotive.
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22.  Examples in Railway Traffic→ (2)

❑ Solution to Example 1: 
1. Calculation of the average distance traveled by the spare locomotive.

0 118 km 236 km

Klagenfurt Vienna

𝒈𝟏 𝒙 = 𝒙 𝒈𝟐 𝒙 = (𝟐𝟑𝟔 − 𝒙)

𝒇𝟏 𝒙 = 𝟏/𝟐𝟑𝟔 𝒇𝟐 𝒙 = 𝟏/𝟐𝟑𝟔

𝐄 𝒈𝟏 𝒙 = න

𝟎

𝟏𝟏𝟖

𝒇𝟏 𝒙 ∗ 𝒈𝟏 𝒙 𝒅𝒙 + න

𝟏𝟏𝟖

𝟐𝟑𝟔

𝒇𝟐 𝒙 ∗ 𝒈𝟐 𝒙 𝒅𝒙 = 𝟓𝟗 𝒌𝒎
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22.  Examples in Railway Traffic→ (3)
❑ Solution to Example 1: 

2. Practical thinking about where to place the Locomotives (for a good Engineer).

𝐄 𝒈𝟏 𝒙 = න

𝟎

𝟐𝟑𝟔
𝟑

𝒇𝟏 𝒙 ∗ 𝒈𝟏 𝒙 𝒅𝒙 + න

𝟐𝟑𝟔
𝟑

𝟏𝟏𝟖

𝒇𝟐 𝒙 ∗ 𝒈𝟐 𝒙 𝒅𝒙 = 𝟏𝟔. 𝟑𝟗 𝒌𝒎

0 118 km 236 km

Klagenfurt Vienna

𝒈𝟏 𝒙 =
𝟐𝟑𝟔

𝟑
− 𝒙 𝒈𝟐 𝒙 = 𝒙 −

𝟐𝟑𝟔

𝟑

𝒇𝟏 𝒙 = 𝟏/𝟐𝟑𝟔 𝒇𝟐 𝒙 = 𝟏/𝟐𝟑𝟔

New Position 1 New Position 2

Average distance traveled by the spare locomotive = 𝟐 ∗ 𝐄 𝒈𝟏 𝒙 = 𝟑𝟐. 𝟕𝟖𝒌𝒎
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22.  Examples in Railway Traffic→ (4)

❑ Example 2 (a concrete example): A railway manager records the minutes late (or 
early) of intercity trains arriving at his station. He takes a random sample of 20 
arrivals and finds that sample Mean and variance are 6.8 and 120 respectively.

1. Construct a 99 per cent confidence interval estimator for mean minutes late of 
all intercity trains arriving at this station.

2. What is the probable sampling error?
3. What size of sample would be required to reduce the sampling error to five 

minutes?
❑ Example 2 (Solution): 

1. 𝒏 = 𝟐𝟎 ;   𝝁 = 𝟔. 𝟖 ; 𝝈 = 𝟏𝟐𝟎 = 𝟏𝟎. 𝟗𝟓𝟒𝟓 ;                                                              
𝒁 − 𝒔𝒄𝒐𝒓𝒆 𝟗𝟗% = 𝟐. 𝟓𝟕𝟓 . 
The confidence interval is:  𝑪𝑰 = [𝟎. 𝟓𝒎𝒏 , 𝟏𝟑. 𝟏𝒎𝒏𝒔]

2. The sampling error is: 𝑍𝑠𝑐𝑜𝑟𝑒 ∗
𝝈

𝒏
= 𝟔. 𝟑𝒎𝒏𝒔

3. New size of sample corresponding to the Sampling Error of 5mns: Solving

the equation <<  𝑍𝑠𝑐𝑜𝑟𝑒 ∗
𝝈

𝒏
= 𝟓𝒎𝒏𝒔 >>  leads to << 𝒏 = 𝟑𝟐 𝒂𝒓𝒓𝒊𝒗𝒂𝒍𝒔 >>.
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CONCLUDING REMARKS

❑ We have presented and explained the full content of the Lecture
entitled “Advanced Statistics and Data Analysis”

❑ The importance of this Lecture for the „New ICT-based Master‘s
Curriculum in Uzbekistan“ has been clearly demonstrated.

❑This Lecture is also part of the Key Module of the Double-degree
Master- program between the „University of Klagenfurt“ and 
„Some partners Universities in Uzbekistan“

❑ The Lecture entitled “Advanced Statistics and Data Analysis” is of 

huge potential applications in Road Transportation, Railway 
Transportation as well as in Supply Chain Networks and Logistics.
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END 
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