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Course Goals and general issues/aspects 

covered in transportation

(Course Goals: Learning Objectives and Learning Outcomes )
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• Objectives of the Lecture/course
✓ Learning how to represent systems in transportation

(e.g. mathematical models and graphical models)

✓ Learning how to analyse systems in transportation
(e.g. use of MATLAB and Neural Networks for simulation)                                                      

✓ Understanding the techniques of Control/Optimization

✓ Understanding the techniques of Forecasting

• Mastering of Modeling (Concepts/Techniques)
✓ Differential equations (ODE, PDE) in transportation

✓ Neural Networks & Graphs theory in transportation

✓ Oscillatory theory in transportation (see Kuramoto system)

• Mastering of Simulation (Concepts /Techniques)
✓ Traffic simulation (microscopic macroscopic

mesoscopic & nanoscopic level of details)

✓ Neurocomputing: The main focus is on both ANN & RNN.

• Development of Traffic Sensors (Models)
✓ Machine vision based dynamic systems (e.g., use of ODEs 

& PDEs for traffic Sim., use of ODEs & PDEs for Image 
processing, Use of Coupled oscillators for traffic control)

• Control & Optimization in Transportation
✓ Adaptive Traffic Control

✓ Dynamic Vehicle Routing

✓ Dynamic Train Scheduling –> [Source]: Google - Images
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Basic Instruments/Concepts used            

in the Course/Lecture
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Transportation 
engineering  
(or transport 
engineering)

MATLAB                 
&  

SIMULINK

Partial & 
Ordinary

Differential 
Equations

(PDEs & 
ODEs)

Nonlinear
Oscillators

(CNO)

Neural
Networks 

(ANN & DNN)
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Important scientific fronts covered by 

the Course/Lecture
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• MATLAB
Fundamentals of

Optimization

• MATLAB
Basics of Neural Networks 

& Simulation Algoritms

• MATLAB

• Neural Networks
Traffic Modeling and 

Simulation 

• MATLAB

• Neural Networks
Traffic Control/Optimization

• MATLAB

• Neural Networks
Supply Chain Networks & 

Logistics

Scientific fronts addressed in the Course
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Important aspects to be covered in this 

Course/Lecture by the Lecturer
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Important aspects to be investigated in each chapter
❑ Chapter 1. Introduction to traffic modeling, simulation, management and control

✓ Description of selected illustrative examples of Road traffic, Rail traffic,               
Air traffic, Boat traffic, and Supply Chain Networks (traffic of Goods)

✓ Discussing the pros and cons of modelling and simulation in transportation 
✓ Discussing the key challenges  related to traffic modeling and simulation
✓ Classification of traffic models: Static models; Dynamic models; Continuous 

models; Discrete models; Deterministic-, Stochastic-, and Event-based models. 
✓ Physical Interpretation of the modeling procedure: White-box modeling; 

Black-box modeling; Grey-box modeling.

❑ Chapter 2. Overview on traffic models and traffic simulation tools
✓ Presentation of selected models of specific road and rail traffic scenarios
✓ Definition of key/basic terminologies in road traffic and rail traffic
✓ Presentation of some concrete illustrative examples of the afore-mentioned 

basic terminologies both in road traffic and rail traffic
✓ Description of some commonly used traffic simulation tools for: Macroscopic-

microscopic-, mesoscopic-, nanoscopic- traffics, and supply chain networks.
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❑ Chapter 3. Basics of neural networks and application in transportaion
✓ Introduction to neural networks: Definition; History; Objectives and advantages of 

the use of neural networks; Selected applications of Neural Net. in Transportation.
✓ Neural networks structures: Biological Neurons (BN) Vs. Artificial Neurons (AN);

How to construct BN-Networks (BNNs) & AN-Networks (ANNs)?; Functioning
principle of BNN & ANN; Importance of analysing convergence properties of ANNs.

✓ Learning/Training phase of artificial neural networks (ANNs): Description of some 
commonly used learning strategies/rules; Illustrative examples of how the rules are 
used in/for specific applications

✓ Usage phase of ANNs: Illustration through case studies; Convergence properties.
✓ Neuron model: Single-input neuron; Transfer functions; Multiple input neuron.
✓ Network architecture: Single layer of neurons; Multiple layers of neurons; Recurrent 

neural networks (RNNs); Advantages of RNNs compared to ANNs for Traffic Sim.
✓ Analytical investigation of the convergence properties of neural network platform 

(or architecture). Derivation of the analytical conditions to ensure the convergence.
✓ Sample application examples of how to solve problems using neural networks
✓ Some exercises to check the knowledge acquired in the chapter

Important aspects to be investigated in each chapter
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❑ Chapter 4. Basics of optimization and simulation algorithms/tools for optimization
✓ General introduction to optimization
✓ MATLAB Toolboxes  for optimization
✓ Linear programming Toolbox (LP)
✓ Quadratic programmin Toolbox (QP) 
✓ Case studies: Some illustrative application examples 
✓ Neural Nets. (networks) theory for optimization: ANN; Gradients method; RNN
✓ Case studies: Solving concrete selected optimization problems using Neural Nets.

❑ Chapter 5. Optimization in graph networks with applications in transportation
✓ Mathematical modeling of the Shortest path problem (SPP) in graph networks with 

applications in transportation.
✓ Mathematical modeling of the Minimum spanning tree (MST) in graph networks 

with applications in transportation.
✓ Mathematical modeling of the Traveling Salesman Problem (TSP) in graph networks 

with applications in transportation.

Important aspects to be investigated in each chapter
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❑ Chapter 6. Optimization/Control in road transportation
✓ Mathematical modeling and control of the dynamics of traffic flow on Highway

(As a didactic example: The complete teaching of this subject/topic is proposed
below  ---> see the last part of this talk entitled "Didactic example“).

✓ Mathematical modeling of the traffic signal control principle at isolated (local) 
traffic junction: Traffic signals splitting, Green signal sharing, etc.

✓ Mathematical modeling of the traffic signal control principle in a network of 
coupled traffic junctions: Traffic signals splitting, Green signal sharing, etc. 

❑ Chapter 7. Optimization/Control in railway transportation
✓ Mathematical modelling of the train dynamics and optimization of the Energy 

consumption
✓ Mathematical modeling and optimization of the railway blocking problem
✓ Optimization of the train trajectory: Modelling concept and simulation 

algorithm/method 
✓ Case study 1: Derivation of the “Optimization model” for two-train trajectory
✓ Case study 2: Trains on time - Optimization and Scheduling of railway timetables.

Important aspects to be investigated in each chapter
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❑ Chapter 8. Supply chain networks (SCN): Modelling & Analysis of the Dynamics of (SCN)
✓ Overview of supply chain networks
✓ Modelling principle of supply chain networks
✓ Modelling and optimization of the assignment problem in a supply chain network
✓ Supply chain management optimization problem

❑ Chapter 9. Scheduling: Fundamentals of Scheduling and Applications in Transportation
✓ Overview of scheduling
✓ Principles of scheduling
✓ Modelling job-shop scheduling problems
✓ Railway scheduling by network optimization problem
✓ Modeling of the railway scheduling problem and time-tables optimization
✓ Modeling and optimization of the Crew scheduling problem in Railway 

transportation

Important aspects to be investigated in each chapter
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Selected results So far published by some 

of our Master and PhD students who 

have attended this Course/Lecture.



(Sample Result 1. Published [1])
Modelling of Traffic Flow
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(Sample Result 2. Published [2])
Simulation of Traffic Flow



• Oscillators- based traffic control

18

 This CNN- platform is used to calculate the 
effective greens of all phase- groups in terms of 
the input traffic data.  
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(Sample Result 3. Published [3])
Traffic Signals control & optimization



• Robust and ultrafast low-level image processing in dynamically changing 
difficult visual environments

19
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(Sample Result 4. Published [4])
Traffic sensors: Image Denoising & 

Conversion to binary images 



(Sample Result 5. Published [5])
Neuro-processor based TSP solver
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A didactic lecture on the topic:

“Mathematical modelling and Numerical 

simulation of road traffic on Highway” 

(Macroscopic level of details)
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"Didactic example: Application of a pedagogical approach on 

the subject/Topic entitled“

Mathematical modelling and numerical 

simulation of the complex behaviour of 

traffic flow on a road without ramps: 

The LWR’s Model
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❑ The traffic flow theory studies interactions between travelers 

(including pedestrians, cyclists, drivers, and   their vehicles) 

and infrastructure (including highways, signage, and traffic  

control devices), with the aim of understanding and developing

an optimal transport network to ensure the efficient movement 

of traffic and  minimize traffic congestion and accidents.

Goals of traffic flow theory

❑ Travelers (including pedestrians, cyclists, drivers, and  their 

vehicles), and infrastructure (including highways, signage, and 

traffic  control devices) are    the traffic stakeholders.

Traffic stakeholders

https://en.wikipedia.org/wiki/Traffic
https://en.wikipedia.org/wiki/Traffic_congestion
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❑ Traffic states are characterized by 
the fundamental parameters flow, 
speed, and density.

❑ The traffic states estimation (TSE) 
is very important for traffic 
management. The TSE is based on 
the analysis of interactions 
between flow, speed, and density. 
The outcome of the analysis leads 
to the depiction of potential 
traffic states (e.g. under-saturated 
states, saturation state,  
oversaturated stated, 
shockwaves, refraction waves, 
rarefaction waves, synchronized 
states, chaotic states, etc.)

Macroscopic Traffic Flow Modeling

Fig. 1. Representation of traffic flow in a single section of the road segment.

This representation considers a single section of the road segment as a

dynamical system with inputs and outputs. The simple representation here is

considered for the sake of facilitating the modeling procedure.

Section 2

Section 2
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Fig. 1. Representation of traffic flow in a single section of

the road segment. This representation considers a single

section of the road segment as a dynamical system with

inputs and outputs. The simple representation here is

considered for the sake of facilitating the modeling

procedure.

Section 2

Section 2

Traffic volume on roadway (1)
❑ Definition 1: The cumulative number of 

vehicles both in space and time is defined 
by the spatiotemporal function

𝑁(𝑥, 𝑡)

❑ Flow: Number of vehicles passing a given 
section of the road within a time period Δ𝑡

Δ𝑁(𝑥, 𝑡)

Δ𝑡
= 𝑞(𝑥, 𝑡)

𝜕𝑁(𝑥, 𝑡)

𝜕𝑡
≈ 𝑞(𝑥, 𝑡) (1)

❑ Density: Number of vehicles that can be found 
in a road segment of length Δ𝑥. Justify the 
negative sign below, in the space dimension.

Δ𝑁(𝑥, 𝑡)

Δ𝑥
= −𝜌(𝑥, 𝑡)

𝜕𝑁(𝑥, 𝑡)

𝜕𝑥
≈ −𝜌(𝑥, 𝑡) (2)
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Fig. 1. Representation of traffic flow in a single

section of the road segment. This representation

considers a single section of the road segment as a

dynamical system with inputs and outputs. The simple

representation here is considered for the sake of

facilitating the modeling procedure.

Section 2

Section 2

❑ Comment 1a: Let’s note that in equation (1), the 
quantity 𝛥𝑁(𝑥, 𝑡) is positive (𝛥𝑁(𝑥, 𝑡)>0) since it 
is measured at a fixed-position (i.e., the spatial 
dimension is constant) and the temporal dimension 
is variable. 

Traffic volume on roadway (2)

❑ Comment 1b: In contrast in equation (2), the 
quantity 𝛥𝑁(𝑥, 𝑡) is negative (𝛥𝑁(𝑥, 𝑡)<0) since it 
is measured at variable position (i.e., the spatial 
dimension is variable).  

❑ Comment 2: Equations (1) and (2) show that the 
flow can be expressed as a function of the density.

𝜕𝑁(𝑥, 𝑡)

𝜕𝑡
= ℱ −

𝜕𝑁(𝑥, 𝑡)

𝜕𝑥

𝜕𝑁(𝑥, 𝑡)

𝜕𝑡
≈ 𝑞 𝑥, 𝑡 𝑎𝑛𝑑

𝜕𝑁 𝑥, 𝑡

𝜕𝑥
≈ −𝜌(𝑥, 𝑡)

(4)

(3)
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❑ Comment 3: Considering the fundamental diagram 
in Figs. 2, equation (4) can be approximated by the 
expression (5).

𝜕𝑁(𝑥, 𝑡)

𝜕𝑡
= ℱ −

𝜕𝑁(𝑥, 𝑡)

𝜕𝑥
(4)

𝜕𝑁(𝑥, 𝑡)

𝜕𝑡
+ 𝛼

𝜕𝑁(𝑥, 𝑡)

𝜕𝑥
= 0 (5)

❑ Comment 4: The coefficient 𝛼 corresponds to the 
speed. Therefore, three possibilities exist for 𝜶.     

❑ Comment 5: According to Figs. 2, the speed  𝜶 can 
be constant or variable. These conditions on the 
speed 𝜶 depend on specific regions in Figs. 2.

Figs. 2. Fundamental diagrams: “flow versus density”.

The diagrams are used to approximate equation (4) by

equation (5). The traffic states under which the

approximation is valid must be clearly described here.

𝜌(𝑥, 𝑡)

𝜌(𝑥, 𝑡)

𝑞
(𝑥
,𝑡
)

𝑞
(𝑥
,𝑡
)

[GREENSHIELDS]

[(smoothed) DAGANZO-NEWELL]

Traffic volume on roadway (3)
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❑ Comment 6: Assuming the traffic at equilibrium 
(i.e. 𝛼 is a constant parameter), equation (5) can be 
solved analytically. 

𝜕𝑁(𝑥, 𝑡)

𝜕𝑡
+ 𝛼

𝜕𝑁(𝑥, 𝑡)

𝜕𝑥
= 0 (5)

Figs. 2. Fundamental diagrams: “flow versus density”.

The diagrams are used to approximate equation (4) by

equation (5). The traffic states under which the

approximation is valid must be clearly describe here.

𝜌(𝑥, 𝑡)

𝜌(𝑥, 𝑡)

𝑞
(𝑥
,𝑡
)

𝑞
(𝑥
,𝑡
)

[GREENSHIELDS]

[(smoothed) DAGANZO-NEWELL]

❑ Comment 7: The analytical solution of equation (5) 
can be obtained using the method of separation of 
variables. This method consists of expressing the 
cumulative number of vehicles 𝑁(𝑥, 𝑡) in the form (6).

𝑁(𝑥, 𝑡) = 𝑓(𝑥). 𝑔(𝑡) (6)

❑ Comment 8: Using (5) and (6) leads to the following 
analytical solution:

൝
𝑓 𝑥 = 𝑐1𝑒

𝜆𝑥

𝑔 𝑡 = 𝑐2𝑒
−𝛼𝜆𝑡

(7)

Traffic volume on roadway (4)
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❑ Comment 9: The constants 𝑐1 and 𝑐2 are obtained 
through the boundary and initial conditions. 

❑ Comment 10: Finally the spatiotemporal evolution 
of the cumulative number of vehicles 𝑁(𝑥, 𝑡) is 
expressed into the analytical form (8). 

𝑁(𝑥, 𝑡) = 𝑐1𝑐2𝑒
𝜆 𝑥−𝛼𝑡 (8)

❑ According to (8), the cumulative number of vehicles at 
stations 1 and 2 are denoted by 𝑁(𝑥1, 𝑡) and 𝑁(𝑥2, 𝑡). 
Note that the traffic counting is performed at stations 
1 & 2. The distance between the two stations is ∆𝑥. 
We assume that there is no ramps between the two 
stations (i.e., no incoming car and no outgoing car). 

Traffic volume on roadway (5)

The conservation law in traffic (1)

Figs. 3. Traffic flow on the road (between two stations)

Station 2

𝑁(𝑥2, 𝑡)

Station 1

𝑁(𝑥1, 𝑡)

𝜌(𝑥, 𝑡)𝑞(𝑥, 𝑡)
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❑ The traffic flows at stations 1 & 2 are expressed by (9). In 
(9), Δ𝑡 is the duration of traffic counting at each station.

The conservation law in traffic (2)

Figs. 3. Traffic flow on the road (between two stations)

Station 2

𝑁(𝑥2, 𝑡)

Station 1

𝑁(𝑥1, 𝑡)

𝜌(𝑥, 𝑡)𝑞(𝑥, 𝑡)

(9)
𝑞(𝑥1, 𝑡) =

𝑁(𝑥1, 𝑡)

Δ𝑡

𝑞(𝑥2, 𝑡) =
𝑁(𝑥2, 𝑡)

Δ𝑡

❑ Comment 1. Let’s note that considering the conservation 
law, we have 𝑁 𝑥1, 𝑡 >𝑁 𝑥2, 𝑡 since all vehicles 𝑁(𝑥1, 𝑡)
passing through station 1 are likely to reach station 2, 
however with a delay corresponding to the travel-time 
experienced by each vehicle when moving from station 1  
to station 2. Therefore the variation in traffic counting is 
expressed by (10).

Δ𝑁 = 𝑁 𝑥2, 𝑡 − 𝑁(𝑥1, 𝑡) < 0 (10)
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The conservation law in traffic (3)

Figs. 3. Traffic flow on a road section of length ΔX

Station 2

𝑁(𝑥2, 𝑡)

Station 1

𝑁(𝑥1, 𝑡)

𝜌(𝑥, 𝑡)𝑞(𝑥, 𝑡)

❑ Using (9) the variation of flow Δ𝑞 can be calculated as 
follows:

❑ The traffic density between stations 1 & 2 is a positive 
quantity that can be expressed as follows (see (12)): 

Δ𝑁 = Δ𝑞. Δt < 0 (11)

Δ𝑞 𝑥, 𝑡 =
Δ𝑁

Δt
=

𝑁 𝑥2, 𝑡 − 𝑁 𝑥1, 𝑡

Δt
< 0

Δ𝑁 = −Δ𝜌. Δ𝑥 < 0 (12)

Δ𝜌 𝑥, 𝑡 =
−Δ𝑁

Δ𝑥
=
− 𝑁 𝑥2, 𝑡 − 𝑁 𝑥1, 𝑡

Δ𝑥
> 0

❑ Using (11) and (12), the following expression is obtained: 

Δ𝜌 𝑥, 𝑡

Δt
+
Δ𝑞 𝑥, 𝑡

Δ𝑥
= 0 (13)
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The conservation law in traffic (4)

Figs. 3. Traffic flow on a road section of length ΔX

Station 2

𝑁(𝑥2, 𝑡)

Station 1

𝑁(𝑥1, 𝑡)

𝜌(𝑥, 𝑡)𝑞(𝑥, 𝑡)

❑ Assuming infinitesimal (i.e., very small) variations in Δt and 
Δ𝑥 consequently results to small variations in Δ𝜌 𝑥, 𝑡 and 
Δ𝑞 𝑥, 𝑡 . Therefore equation (13) can be approximated by 
the continuous form (14) without any loss of generality. 

Δ𝜌 𝑥, 𝑡

Δt
+
Δ𝑞 𝑥, 𝑡

Δ𝑥
= 0 (13)

𝜕𝜌 𝑥, 𝑡

𝜕t
+
𝜕𝑞 𝑥, 𝑡

𝜕𝑥
= 0 (14)

❑ Comment 2. Equation (14) is used to model the spatio-
temporal continuous evolution of the flow, speed, and 
density on a road segment of length Δ𝑥 in the absence of 
ramps (no exit ramp, and no In-ramp). 

❑ Comment 3. Equation (14) models the law of conservation 
of a traffic stream. This fundamental equation is called (see 
literature): “the conservation or continuity equation”. 
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The conservation (or continuity) equation                         

[LWR’s Model 1956] (1)

𝜕𝜌 𝑥, 𝑡

𝜕t
+
𝜕𝑞 𝑥, 𝑡

𝜕𝑥
= 0 (14)

❑ The continuity (or conservation) equation was developed in 1956 by Lighthill, Whitham 
and Richard’s (see Eq. (14)). The acronym of  “LWR’s model” was further assigned to (14). 

𝜕𝜌 𝑥, 𝑡

𝜕t
+
𝜕 𝜌𝑢 𝜌

𝜕𝑥
= 0

❑ Comment 1. Eq. (14) cannot be solved as it contains two variables 𝑢, 𝜌 . Therefore the  
commonly used idea consists of modeling the speed 𝑢 as a function of the density 𝜌 . 
The mathematical formula obtained (see the empirical formulas below) is based on the 
use of sensor data (i.e., experimental measurements). The procedure consists of plotting 
sensor data and using both stationary equilibrium and strong equilibrium to obtain the 
empirical analytical model of 𝑓 𝜌 and 𝑢 𝜌 .  The procedure is explained in the next slide.

At very low occupancy o . 𝑢 0 = 𝑢𝑚𝑎𝑥

At complete jam o . 𝑢 𝜌𝑚𝑎𝑥 = 0

In betweeno . 𝑢 𝜌 = 𝑢𝑚𝑎𝑥 1 − 𝜌/𝜌𝑚𝑎𝑥

𝑓 𝜌 =
𝜌

𝜌𝑚𝑎𝑥
1 −

𝜌

𝜌𝑚𝑎𝑥
𝑢𝑚𝑎𝑥

(Empirical
function

𝑓 𝜌 )
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The conservation (or continuity) equation                         
[LWR’s Model 1956] (2)
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The conservation (or continuity) equation                         
[LWR’s Model 1956] (3)

Stationary: 

𝜕𝜌

𝜕t
= 0

𝜕𝑢

𝜕t
= 0

Strong equilibrium: 

𝜕𝜌

𝜕x
= 0

𝜕𝑢

𝜕x
= 0

At very low occupancy o . 𝑢 0 = 𝑢𝑚𝑎𝑥

At complete jam o . 𝑢 𝜌𝑚𝑎𝑥 = 0

In betweeno . 𝑢 𝜌 = 𝑢𝑚𝑎𝑥 1 − 𝜌/𝜌𝑚𝑎𝑥𝑓 𝜌 =
𝜌

𝜌𝑚𝑎𝑥
1 −

𝜌

𝜌𝑚𝑎𝑥
𝑢𝑚𝑎𝑥

(Empirical
function

𝑓 𝜌 )
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The conservation (or continuity) equation [LWR’s] (4)

❑ How to obtain the empirical 
analytical/mathematical model?
✓ Step 1. We plot the sensor  

data (experimental data).
✓ We use the stationary 

equilibrium and the strong 
equilibrium concepts to obtain 
the trajectory of the curve in 
blue color. This curve is the  
approximation of 𝑓 𝜌 ).

Remark: In all equations below, the variable 𝒌 stands for the density 𝝆 𝒙, 𝒕 in equation (13)

Occupancy 𝜌/𝜌𝑚𝑎𝑥 --→

Fl
o
w

𝑉
𝑒ℎ
./
𝑠𝑒
𝑐
.
--
→

At very low occupancy o . 𝑢 0 = 𝑢𝑚𝑎𝑥

At complete jam o . 𝑢 𝜌𝑚𝑎𝑥 = 0

In betweeno . 𝑢 𝜌 = 𝑢𝑚𝑎𝑥 1 − 𝜌/𝜌𝑚𝑎𝑥

𝑓 𝜌 =
𝜌

𝜌𝑚𝑎𝑥
1 −

𝜌

𝜌𝑚𝑎𝑥
𝑢𝑚𝑎𝑥

(Empirical
function

𝑓 𝜌 )

Stationary: 

𝜕𝜌

𝜕t
= 0

𝜕𝑢

𝜕t
= 0

Strong equilibrium: 

𝜕𝜌

𝜕x
= 0

𝜕𝑢

𝜕x
= 0
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Pros and Cons of the continuity equation

Figs. 3. Traffic flow on a road section of length ΔX

Station 2

𝑁(𝑥2, 𝑡)

Station 1

𝑁(𝑥1, 𝑡)

𝜌(𝑥, 𝑡)𝑞(𝑥, 𝑡)

❑ Pros. Equation (14) can be used to model the following 
interesting dynamics of traffic flow: Shockwaves (both 
formation and propagation), Refraction waves, 
Rarefaction waves, just to name a few.

❑ The LWR model quite nicely explains the shape of traffic 
jams (vehicles run into a shock). 

❑ Cons. Equation (14) assumes the same type of vehicles, 
Constant speed, Infinite acceleration. Further, Eq. (14) is 
unable to model the following: Stop-and-go-waves, Traffic 
hysteresis, Breakdown, Bottleneck, just to name a few.

❑ Shortcomings of LWR: Perturbations never grow
(\maximum principle"). Thus, phantom traffic jams
cannot be explained with LWR. And neither can multi-valued 
FD. 

(14)
𝜕𝜌 𝑥, 𝑡

𝜕t
+
𝜕 𝜌𝑢 𝜌

𝜕𝑥
= 0
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Numerical simulation of the LWR’s model (1)

(14)
𝜕𝜌 𝑥, 𝑡

𝜕t
+
𝜕 𝜌𝑢 𝜌

𝜕𝑥
= 0

❑ Choice of MATLAB for scientific computing
❑ Choice of the method (MOL, FDM, FEM, FVM)
❑ Discretization method (Euler, Taylor, Upwind,    

FTCS, Lax, Lax- Friedrichs, Lax- Wendroff, etc.)
❑ Parameters settings
❑ Initial condition
❑ Boundary conditions
❑ Numerical scheme used
❑ Simulation results
❑ Comment of simulation results
❑ Concluding remarks
❑ Introduction of the next investigation: Advantage
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Numerical simulation of the LWR’s model (2)

❑ Choice of the method: FDM
✓ The Finite Difference Method 

(FDM) transforms the Partial 
Differential Equation (PDE) into 
a set of coupled discrete 
algebraic equations.

✓ The numerical solution of the 
coupled discrete algebraic 
equations is obtained using the 
control flow statements such as 
“For- loops”, “While-loops”, etc.

(14)
𝜕𝜌 𝑥, 𝑡

𝜕t
+
𝜕 𝜌𝑢 𝜌

𝜕𝑥
= 0

With respect to x With respect to t

Forward difference 𝜕𝑓𝑖
𝑛

𝜕𝑥
≈
𝑓𝑖+1
𝑛 − 𝑓𝑖

𝑛

∆𝑥

𝜕𝑓𝑖
𝑛

𝜕𝑡
≈
𝑓𝑖
𝑛+1 − 𝑓𝑖

𝑛

∆𝑡

Central difference 𝜕𝑓𝑖
𝑛

𝜕𝑥
≈
𝑓𝑖+1
𝑛 − 𝑓𝑖−1

𝑛

2∆𝑥

𝜕𝑓𝑖
𝑛

𝜕𝑡
≈
𝑓𝑖
𝑛+1 − 𝑓𝑖

𝑛−1

2∆𝑡

Backward difference 𝜕𝑓𝑖
𝑛

𝜕𝑥
≈
𝑓𝑖
𝑛 − 𝑓𝑖−1

𝑛

∆𝑥

𝜕𝑓𝑖
𝑛

𝜕𝑡
≈
𝑓𝑖
𝑛 − 𝑓𝑖

𝑛−1

∆𝑡

Table 1. Formulas to approximate the derivatives 

Fig. 1: Full/Complete steps of the FDM 
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Numerical simulation of the LWR’s model (3)

❑ Choice of the method: MOL
✓ The Method of Lines (MOL) 

transforms the Partial 
Differential Equation (PDE) into 
a set of coupled Ordinary 
Differential Equations (ODEs).

✓ The numerical solution of the 
coupled ODEs is obtained by 
coding the coupled ODEs into a 
MATLAB-script. This script is 
further analyzed by the ODE-
MATLAB-SOLVERS (e.g., ode45, 
ode23, ode15s, ode113, 
ode23t, ode23s, ode23tb, etc. )

(14)
𝜕𝜌 𝑥, 𝑡

𝜕t
+
𝜕 𝜌𝑢 𝜌

𝜕𝑥
= 0

With respect to x With respect to t

Forward difference 𝜕𝑓𝑖
𝑛

𝜕𝑥
≈
𝑓𝑖+1
𝑛 − 𝑓𝑖

𝑛

∆𝑥

𝜕𝑓𝑖
𝑛

𝜕𝑡
≈
𝑓𝑖
𝑛+1 − 𝑓𝑖

𝑛

∆𝑡

Central difference 𝜕𝑓𝑖
𝑛

𝜕𝑥
≈
𝑓𝑖+1
𝑛 − 𝑓𝑖−1

𝑛

2∆𝑥

𝜕𝑓𝑖
𝑛

𝜕𝑡
≈
𝑓𝑖
𝑛+1 − 𝑓𝑖

𝑛−1

2∆𝑡

Backward difference 𝜕𝑓𝑖
𝑛

𝜕𝑥
≈
𝑓𝑖
𝑛 − 𝑓𝑖−1

𝑛

∆𝑥

𝜕𝑓𝑖
𝑛

𝜕𝑡
≈
𝑓𝑖
𝑛 − 𝑓𝑖

𝑛−1

∆𝑡

Table 1. Formulas to approximate the derivatives 

Fig. 1: Full/Complete steps of the MOL
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Numerical simulation of the LWR’s model (4)
❑ Choice of the discretization scheme: LAX

✓ Various discretization schemes are proposed (see 
literature and also table below) for solving PDEs.

✓ The choice of a discretization scheme significantly 
affects the accuracy, the robustness, and the 
stability/convergence of the numerical framework  
used for solving the Partial Differential Equation (PDE).

(14)
𝜕𝜌 𝑥, 𝑡

𝜕t
+
𝜕 𝜌𝑢 𝜌

𝜕𝑥
= 0

Table 4.Discretization schemes with respect to time and space (spatiotemporal discretization)
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Numerical simulation of the LWR’s model (5)

❑ All steps of the Numerical solving of the LWR’s Model (14)
✓ Step1. We solve the LWR’s under the empirical speed-density of the 

Greenshields Model

and

✓ Step2. We transform (14) and (15) into a PDE with a single variable 𝜌 (see 
(16)). Please note that this step is not mandatory as we can also write an 
algorithm to solve (14) and (15) directly without the need of a preliminary 
transformation.

✓ The next step consists of choosing the discretization scheme  for solving (16).

(14)
𝜕𝜌 𝑥, 𝑡

𝜕t
+
𝜕 𝜌𝑢 𝜌

𝜕𝑥
= 0 (15)𝑢 = 𝑢𝑓 −

𝑢𝑓

𝑘𝑗
𝜌

(16)
𝜕𝜌 𝑥, 𝑡

𝜕t
+ 𝑢𝑓 − 2

𝑢𝑓

𝑘𝑗
𝜌 𝑥, 𝑡

𝜕𝜌 𝑥, 𝑡

𝜕𝑥
= 0
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Numerical simulation of the LWR’s model (6)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step3. We use the LAX- METHOD for solving (16). 

Applying the LAX- METHOD to (16), the discrete expression (17) is obtained. In 
(17), the index "𝑛" corresponds to the discrete time while the index"𝑖“ corresponds 
to the discrete space.

✓ Combining the two expressions in (17), the spatiotemporal evolution of the 

density 𝝆𝒊
𝒏+𝟏 can be expressed into the following discrete form:

(16)
𝛛𝝆 𝒙, 𝒕

𝛛𝐭
+ 𝑢𝑓 − 2

𝑢𝑓

𝑘𝑗
𝜌 𝑥, 𝑡

𝛛𝝆 𝒙, 𝒕

𝛛𝒙
= 0

(17)
𝝆𝒊
𝒏+𝟏 − 𝝆𝒊

𝒏

𝚫𝐭
+ 𝑢𝑓 − 2

𝑢𝑓

𝑘𝑗
𝜌𝑖
𝑛 𝝆𝒊+𝟏

𝒏 − 𝝆𝒊−𝟏
𝒏

𝟐𝚫𝒙
= 0 𝜌𝑖

𝑛 =
𝜌𝑖+1
𝑛 + 𝜌𝑖−1

𝑛

2
and 

(Forward in time) (Central in space) (Average in space dimension)

𝝆𝒊
𝒏+𝟏 =

𝜌𝑖+1
𝑛 + 𝜌𝑖−1

𝑛

2
−

𝚫𝐭

𝟐𝚫𝒙
𝑢𝑓 − 2

𝑢𝑓

𝑘𝑗

𝜌𝑖+1
𝑛 + 𝜌𝑖−1

𝑛

2
𝝆𝒊+𝟏
𝒏 − 𝝆𝒊−𝟏

𝒏 (18)
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Numerical simulation of the LWR’s model (7)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step4. MATLAB Script for the numerical solution of the discrete equation (18). → P1



Intelligent Transport Systems: New ICT – based Master’s Curricula in Uzbekistan (INTRAS)
Agreement number: 2017-3516/001-001

Project reference number: 586292-EPP-1-2017-1-PL-EPPKA2-CBHE-JP

Numerical simulation of the LWR’s model (8)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step4. MATLAB Script for the numerical solution of the discrete equation (18). → P2
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Numerical simulation of the LWR’s model (9)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step4. MATLAB Script for the numerical solution of the discrete equation (18). → P3
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Numerical simulation of the LWR’s model (10)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step4. MATLAB Script for the numerical solution of the discrete equation (18). → P4
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Numerical simulation of the LWR’s model (11)

❑ CASE 1: The parameter- settings used for the numerical simulation are defined as follows: 

𝝆 𝒙, 𝒕𝟎 = 𝟓𝑽𝒆𝒉/(𝟎. 𝟏𝒌𝒎)

𝜌 𝑥0, 𝑡 = 0

𝜌 𝑥𝑚𝑎𝑥, 𝑡 = 𝜌 𝑥, 𝑡0

𝑢𝑓 = 100𝐾𝑚/ℎ

𝑘𝑗 = 25𝑉𝑒ℎ/(0.1𝑘𝑚)

Unit of length=0.1Km=100m
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Numerical simulation of the LWR’s model (12) 
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 - Numerical results 1: Spatiotemporal evolution of the density . → Fig. 1

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  

Shockwave

Low occupancy
(Under-saturation)

High occupancy
(Over-saturation)
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Numerical simulation of the LWR’s model (13)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 – Results 2: Spatial evolution of the density (at fixed time- slots) . → Fig. 2

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  

Propagation of 
shockwave

Propagation of 
shockwave
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Numerical simulation of the LWR’s model (14)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 – Results 3: Temporal evolution of the density (at fixed positions). → Fig. 3

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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Numerical simulation of the LWR’s model (15)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 - Numerical results 4: Spatiotemporal evolution of the flow . → Fig. 4

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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Numerical simulation of the LWR’s model (16)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 – Results 5: Spatial evolution of the flow (at fixed time- slots) . → Fig. 5

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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Numerical simulation of the LWR’s model (17)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 – Results 6: Temporal evolution of the flow (at fixed positions). → Fig. 6

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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Numerical simulation of the LWR’s model (18)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 - Numerical results 7: Spatiotemporal evolution of the speed . → Fig. 7

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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Numerical simulation of the LWR’s model (19)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 – Results 8: Spatial evolution of the speed (at fixed time- slots) . → Fig. 8

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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Numerical simulation of the LWR’s model (20)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 – Results 9 Temporal evolution of the speed (at fixed positions). → Fig. 9

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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Numerical simulation of the LWR’s model (21)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 - Numerical results 10: Fundamental diagram flow versus density. → Fig. 10

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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Numerical simulation of the LWR’s model (22)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 - Numerical results 11: Fundamental diagram speed versus flow. → Fig. 11

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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Numerical simulation of the LWR’s model (23)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 - Numerical results 12: Fundamental diagram speed versus density. → Fig. 12

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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Numerical simulation of the LWR’s model (24)

❑ CASE 2: The parameter- settings used for the numerical simulation are defined as follows: 

𝝆 𝒙, 𝒕𝟎 = 𝟐𝟓𝑽𝒆𝒉/(𝟎. 𝟏𝒌𝒎)

𝜌 𝑥0, 𝑡 = 0

𝜌 𝑥𝑚𝑎𝑥, 𝑡 = 𝜌 𝑥, 𝑡0

𝑢𝑓 = 100𝐾𝑚/ℎ

𝑘𝑗 = 25𝑉𝑒ℎ/(0.1𝑘𝑚)

Unit of length=0.1Km=100m
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Numerical simulation of the LWR’s model (25)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 - Numerical results 13: Fundamental diagram flow versus density. → Fig. 13

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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Numerical simulation of the LWR’s model (26)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 - Numerical results 14: Fundamental diagram speed versus flow. → Fig. 14

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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Numerical simulation of the LWR’s model (27)
❑ All steps of the Numerical solving of the LWR’s Model (14)

✓ Step5 - Numerical results 15: Fundamental diagram speed versus density. → Fig. 15

❑ Question 1. Comment this result in the context of the traffic scenario under investigation.
❑ Question 2. What is the meaning of this result with regards to the real-traffic on the road.  
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CONCLUDING REMARKS (1)

❑ We have described the full content of the Course/Lecture
entitled „ Traffic modelling and simulation“

❑ We have presented some/selected concret (or real-life) 
scenarios requiring modelling and simulation in transportation

❑ We have described the important information/knowledge
to be provided (in each chapter) by the Lecturer

❑ We have selected some projects to be considered (by the
Lecturer) in the frame of this Course/Lecture.

❑ As a didactic example, we have selected amongst the nine
chapters of this Course the chapter entitled “Mathematical 
modelling and Numerical simulation of road traffic on 
Highway: Macroscopic level of details”. 
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CONCLUDING REMARKS (2)
❑ The full content of the chapter (selected) has been presented.

❑ We have carried out the mathematical modeling of traffic flow on 
a road without ramps.

❑ We have shown that the traffic scenario on a road without ramps
can be modeled by the LWR‘s model (expressed in the form of
Partial Differential Equation (PDE)).

❑ We have discussed the classical methods for solving PDEs
❑ We have written a MATLAB CODE for solving the LWR‘s Model.
❑ Several plots/figures have been obtained as numerical solutions

of the LWR model. These results have been commented.
❑ The comment of results obained has revealed various interesting

traffic states (e.g. states undersaturation and oversaturation, 
saturation states, complete jam, shockwaves propagation, etc.).
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END 
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